(or "is frozen in the flow" [1] ) and therefore any knot formed 23 by a closed vortex line at a time t is transformed by the flow 24 into an isotopic knot. 25 Since Kelvin's works there exists the problem of classi- 26 fication of all mutually nonisotopic vortex knots for concrete 27 solutions to Euler equations (1.1). For the steady axisymmetric 28 fluid flows, this problem was studied by Moffatt in [2] [3] [4] , 29 where he claimed that all torus knots K m,n for all rational 30 numbers m/n (0 < m/n < +∞) are realized as vortex knots 31 for all considered flows. We show in this paper that such curl V × V = − grad(p/ρ + ρμ + |V| 2 /2), div V = 0 (1.6) and Eqs. (1.5) are equivalent [5] . 48 Kruskal and Kulsrud [6] proved for Eqs. (1.5) that surfaces 49 p(x) = const "by B · ∇p = 0 are 'magnetic surfaces', in the 50 sense that they are made up of lines of magnetic force, and 51 simultaneously by j · ∇p = 0 they are 'current surfaces'. If 52 such a surface lies in a bounded volume of space and has no 53 edges and if either B or j nowhere vanishes on it, then by a 54 well-known theorem [7] it must be a toroid (by which we mean 55 a topological torus) or a Klein bottle. The latter, however is 56 not realizable in physical space".
57
Newcomb [8] stated that "it is easy to verify that the lines 58 of force on a pressure surface are closed if and only if ι(P )/2π 59 is rational; if it is irrational, the lines of force cover the surface 60 ergodically". Here ι(P ) is the rotational transform connected 61 with the safety factor q(P ) [9] by the relation q(P ) = 2π/ι(P ). 62 The safety factor q and the rotational transform ι = 2π/q are 63 connected with stability of the plasma equilibria [9] .
64
The analogous results for the equivalent equations (1.6) 65 were published by Arnold in [10, 11] , where he added to [6, 8] a 66 statement that if a Bernoulli surface M intersects the boundary 67 of the invariant domain D then M has "coordinates of the 68 ring" and "all streamlines on M are closed". The results of 69 [6, 8] imply that for the plasma equilibrium equations (1.5) 70 [and hence for the equivalent hydrodynamics equations (1.6)] 71 all magnetic field knots (and correspondingly all vortex knots) 72 are torus knots K m,n defined by the rational values m/n of 73 the safety factor q(P ). Therefore, to classify the magnetic 74 knots in magnetohydrodynamics (MHD) and vortex knots in 75 steady hydrodynamics it is necessary to know the ranges of 76 the corresponding safety factors. Moffatt's definition [2] when the curve C ψ is invariant under then its safety factor q is, as defined in [9, 12] , q = m/n. 
134
For the closed magnetic field B-line definition (1.10) 135 conforms to the definition in [9, 12] . For the same ψ function 136 ψ(r,z), the two safety factors q h (ψ) and q(ψ) are qualitatively 137 different because they are defined correspondingly for the 138 curl V in (1.6) and the magnetic field B in ( 
Here is the Laplace operator and H(a m ) = 154 ψ rr (a m )ψ zz (a m ) − ψ 2 rz (a m ) 0 is the Hessian of the 155 function ψ(r,z) at the point a m = (r m ,z m ).
156
Remark 1. Formulas (1.9) and (1.11) prove that Moffatt's 157 statements of [2] [3] [4] , that at the vortex axis S 
163
In Sec. III we derive for the general axisymmetric plasma 164 equilibria (1.5) the exact formula for the limit of the MHD 165 safety factor q(ψ) [Eq. (1.10)] at a magnetic axis
The formulas (1.11) and (1.12) are evidently different. This 167 reflects the fact that for the same stream (or flux) function 168 ψ(r,z) the topological properties of the vortex field curl V(x) 169 and magnetic field B(x) are essentially different.
170
There are two cases for which Eq. (1.3) becomes linear:
(1.14)
equilibria modeling astrophysical jets are presented in [13] [14] [15] , where also extensive literature for the case (1.13) is quoted.
174
In Secs. IV-VII we study solutions to the Grad-Shafranov 
The parameters α = 0 and ξ take all real values from (−∞,∞).
187
The parameter α = 0 in view of ( 
(1.21)
The vortex field corresponding to (1.20) has the form continuously from zero to infinity as ψ increases from zero (on R = a) to ψ max (on the vortex axis)". In [3] on p. 30 about the spheromak force-free magnetic field B(x): "Each B-line is a helix and the pitch of the helices decreases continuously from infinity on the magnetic axis to zero on the sphere r = R as we move outwards across the family of toroidal surfaces". 2 The poles N and S are the saddle stagnation points for the fluid flow V ξ (x) (1.20) inside the spheroid B 
306
The moduli spaces of vortex knots are defined and studied 
gation of the moduli spaces of vortex knots for the spheromak 310 fluid flow that has the stream function ψ(r,z) = −r 2 G 2 (R). 311 The results of [18, 19] are equally applicable to the analogous 312 force-free plasma equilibria.
313

II. LIMIT OF THE PITCH FUNCTION AT A VORTEX AXIS 314
The dynamical system of vortex lines dx/dt = curl V has 315 the form 
Suppose that the stream function ψ(r,z) has a local non-318 degenerate maximum or minimum
Hence the system (2.2) has the center equilibrium point a m 321 and the system (2.2) and (2. 
. (2.5)
In the limit ψ → ψ m we have r(t) → r m for all t, hence
where t(ψ m ) = lim ψ→ψ m t(ψ).
332
The dynamical system (2.2) near the equilibrium point
333
(r m ,z m ) is approximated by the system in variations [20] 334 dδr dt = −a 11 δz − a 12 δr, dδz dt = a 12 δz + a 22 δr, (2.7) 
Substituting (2.10) into (2.6) we get 
At the equilibrium point a m in view of ψ r (a m ) = 0 we have 
The derivatives ψ rr (a m ) and ψ zz (a m ) have the same sign since 358 the point a m is either a local maximum or a local minimum 359 of the function ψ(r,z). Hence, using the standard inequality 360 we find
Applying this inequality in (2.14) we derive
Formulas (2.14) and (2.15) prove that for the case of 365 arbitrary functions H (ψ) and C(ψ) in Eq. (1.3) the safety 366 factor q h (ψ) has a finite and nonzero limit at ψ → ψ m 367 provided the nondegeneracy conditions C (ψ m ) = 0, H(a m ) = 0 368 are met. The limit (2.14) is one of the two bounds of the range 369 of safety factor q h (ψ). Hence we get one of the two bounds 370 q h (ψ m ) for the range of the rational values m/n corresponding 371 to the torus knots K m,n that can be realized as vortex knots for 372 the considered fluid flow V(x) [Eq. (1.2)].
373
III. LIMIT OF THE SAFETY FACTOR
374
AT A MAGNETIC AXIS
375
Equations of magnetohydrodynamics have the form
where B is the magnetic field, μ the magnetic permeability, ν 377 the kinematic viscosity, and the Laplace operator. As known 378 since the Newcomb paper [21] , Eqs. (3.1) imply that magnetic 379 field B(t,x) is transformed in time by the flow diffeomorphisms 380 or is frozen in the flow. Therefore, in the MHD any magnetic 381 field B knot is transformed in time into an isotopic B knot.
382
Plasma equilibrium equations follow from (3.1) for V = 0: 383
The hydrodynamics equilibrium equations follow from (3.1) 384 for B = 0: 
For closed magnetic field lines on an invariant torus T 
The analogous safety factor in hydrodynamics q h (ψ) =
. 
438
From the general theory of dynamical systems [20] we get 439 that the limit at ψ → ψ m of the function of periods t(ψ) is the 440 period t m of the system in variations (3.10).
. Substituting into (3.9) 442 we get the limit value of the safety factor
at the magnetic axis ψ = ψ m .
444
At the vortex axis ψ = ψ m , the hydrodynamic safety factor 445 q h (ψ) = p(ψ)/2π in view of (2.11) and (3.13) has the limit 446
14)
The limit safety factors (3.13) and (3.14) are evidently 447 different.
448
For the solutions satisfying Eqs. (1.14) and (1.15) we find 449 The known formula for the Bessel functions J n+1/2 (u) 484 yields (see [24] , p. 56)
Therefore, the solution (54) of [2] [formula (4. 
The general identity is G n + (2n
The stream function (4.3) in view of (4.4) takes the form 496
(4.7)
Hence we get, for H (ψ) = λψ and C(ψ) = αψ,
(4.8)
Substituting C(ψ) = αψ and (4.8) into the system (2.2) and 498 (2.3) we get, for the main dynamical system (2.1),
Substituting here formulas (4.7) and (4.4) we get 
506
Let us consider the system (4.9) and (4.10) in the first 507 spheroid B a (R a) that is invariant under the system. That 508 means ψ(r,z) = 0 on the sphere S 
545
From Fig. 1 it follows that the range of the func- 
with ψ rz (a 3 ) = 0. Hence we get the Hessian (2.4), 
It is evident that formula (5.6) does not contain the two 570 nonessential parameters α and B. Therefore, expression (5.6) 571 is a function of the parameter ξ only, since u m = u m (ξ ) is a 572 function of ξ defined as the first root of Eq. (4.12). Thus we 573 arrive at the key function f (ξ ) = p(ψ m (ξ ))/2π = q h (ψ m (ξ )). 574 Applying the second identity (4.6), we get from (5.6) Hence we get from (5.7) the asymptotic formula
The point u m (ξ 1 ) = v 1 is the point of maximum of the Fig. 1 ). Hence, using
598
Taylor's formula we get that Eq. (4.12) near ξ 1 takes the form
. Substituting this into (5.7),
603
we find the asymptotes All trajectories of the system (4.9) inside the domain D 1 for 623 −1/3 < ξ ξ 1 are closed curves C ψ , ψ(r,z) = ψ = const, 624 0 < ψ < ψ m , encircling the center equilibrium point a 3 and 625 having periods t(ψ). The corresponding trajectories of the 626 system (4.9) and (4.10) are helices moving on invariant tori 627 T 2 ψ = C ψ × S 1 ⊂ R 3 (the circle S 1 corresponds to the angle 628 ϕ). In view of (4.10), the pitch p(ψ) of the helices is
For ξ ∈ I * , the closed trajectories C ψ at ψ → 0 approach 630 the cycle of two separatrices I 1 and S 1 that satisfy the 631 equation ψ(r,z) = 0 (see Fig. 2 ). Since the dynamics along 632 each separatrix takes an infinite time [20] we get At the saddle equilibrium points a 1 and a 2 we have G 2 (a i ) = ξ . 634 Let O ε (a 1 ) and O ε (a 2 ) be small neighborhoods of the points 635 a 1 and a 2 such that inside them |G 2 (αR) − ξ | < ε. The 636 velocity v of the dynamics of any trajectory C ψ outside 637
Hence any 638 trajectory C ψ spends, during one period t(ψ), only a limited 639 time t out (ψ) < C t(ψ) outside O ε and time t in (ψ) inside 640 O ε . In view of (6.2) we have t in (ψ) = [t(ψ) − t out (ψ)] → ∞ 641 at ψ → 0 and t out (ψ) < const. Therefore, using (6.1) with 642 B > 0 and
For −1/3 < ξ < 0 the function p(ψ) monotonically de-644 creases from its limit p(0) = +∞ at ψ = 0 to its positive limit 645 value p(ψ m ) = 2πf (ξ ) [Eq. (5.6)] at ψ = ψ m (see Fig. 4 ). 646 Hence all vortex knots for the fluid flow (1.2) with a given ξ 647 (−1/3 < ξ < 0) are torus knots K m,n for which the rational 648 numbers m/n are not arbitrary and satisfy the inequalities (see Fig. 5 ). For ψ = ψ 0 all trajectories of the dynamical 660 system (4.9) and (4.10) on the torus T 
668
For the special case ξ = λ = 0 the vector field V [Eq. (1.
2)] 669 satisfies the Beltrami equation curl V = αV and the analo-670 gous magnetic field B is force-free. This is the well-known 671 spheromak equilibrium solution derived by Woltjer [16] and 672 Chandrasekhar [23] and later studied in [25] [26] [27] [28] [29] [30] . The term 673 "spheromak" was first introduced in [25] . For ξ = 0, the 674 parameter u 1 (0) = u 1 , where u 1 ≈ 4.4931 is the first positive 675 root of the equation G 2 (u) = 0.
676
The evaluation of the limit of p(ψ) at ψ → 0 by formula 677 (6.1) for ξ = 0 leads to an uncertainty because G 2 (αR) = 0 at 678 the equilibrium points a 1 and a 2 and on the separatrix S 1 . To 679 resolve this uncertainty we use another method based on the 680 invariance of the pitch function p(ψ) under the rescaling of 681 r, z, and a reparametrization of time t. In the new coordinates 682 r 1 = |α|r, z 1 = |α|z, and u = r 
After the change of time dτ/dt = −α 2 BG 2 (u) the system 686 (6.6) and (6.7) turns into a system that does not depend on the 687 parameters α and B:
(6.8) As above, the closed trajectories C ψ at ψ → 0 are ap-689 proximated by the interval I 1 (r 1 = 0 and −u 1 < z 1 < u 1 ) 690 and the arc S 1 (r 
694
The dynamics of C ψ along the arc S 1 takes an infinitesimally 695 small time τ 2 (ψ). Indeed, since G 3 (u 1 ) = (u We proved in Sec. V that near a center equilibrium point of the 741 system (4.9) at which the function ψ(r,z) has its maximum or 742 minimum ψ m the limit of the pitch function p(ψ) at ψ → ψ m 743 is a finite positive number p(ψ m ) = 2πf (ξ ). Hence we get 744 that for the vortex knots K m,n realized in the ring R 3 the ratios 745 m/n satisfy the inequalities
where f (ξ ) f (ξ 0 ) ≈ 0.5079.
747
The equilibria a 3 and a 4 define, respectively, the stable 748 and unstable vortex axes of the flow (1.2) and (4.7) in the 749 invariant ring R 3 ; both axes are also the exact streamlines 750 because the tori T 
756
For ξ > ξ 1 or ξ < −1/3 both Eqs. (4.11) and (4.12) have 757 no solutions (see Fig. 1 ). Therefore, the dynamical system 758 (4.9) has no equilibrium points and no closed trajectories. Fig. 1 shows that for ξ > 0 the number of in-809 terior invariant spheroids is even; for ξ < 0 the number is odd. 810 Remark 4. The first invariant sphere S The problem of equilibrium of magnetic stars with a 819 dipole field outside was studied by Chandrasekhar and Fermi 820 in [31] . The first example of the magnetic field that is 821 continuously matched with an empty space was derived 822 by Prendergast under the condition J 5/2 (αa) = 0 [17] . Our 823 condition G 3 (αa) = 0 coincides with the Prendergast one in 824 view of the formula for the Bessel function
which follows from [24] (p. 56).
826
IX. CONCLUSION
827
As known [32, 33] , the torus knots K m,n are nontrivial unless 828 m/n = N or m/n = 1/N , where N is an integer. All other 829 torus knots are mutually nonisotopic. A torus knot K m,n with 830 m/n = N,1/N and its mirror image [which corresponds to 831 the pair (−m,n)] are nonisotopic to each other. Therefore, we 832 obtain from (6.4) that the set of mutually nonisotopic vortex 833 torus knots K m,n for fluid flows (1.2) and (4.7) inside the 834 first invariant spheroid B a 1 with the parameter ξ in the range 835 −1/3 < ξ < 0 is equivalent to the set of all rational numbers 836 m/n satisfying relations 
887
Since the function f (ξ ) [Eq. (5.7)] for −1/3 < ξ < ξ 1 is 888 monotonically decreasing (see Fig. 3 915 Since the bound p(ψ m ) = 0 we get that the pitch function p(ψ) 916 does not change "continuously from zero to infinity". .7), with the parameter ξ < −1/3 922 or ξ > ξ 1 ≈ 0.111 82, and for some exact solutions to the 923 Grad-Shafranov equation (1.3) derived in [13, 14] .
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